Abstract. Function theoretic methods are used to characterize solutions of the paraxial wave equation in an isotropic homogeneous medium in 3-space. A new class of function theoretic solutions whose singularities are manifested as sectionally analytic functions is constructed via integral transforms.
Introduction. The paraxial wave equation (PWE) is of fundamental importance
in the modeling of an optical beam propagating through an isotropic homogeneous medium. The inclusion of higher-order atmospheric effects such as thermal blooming, plasma jets, beam cavitation, and motion of the medium are complex time-dependent phenomena that require non-linear methods in their modelling and simulation. For nonlinear phenomena, see [5, 17, 18] .
The aim of this paper is to discuss some of the characteristics of an asymmetric beam propagating through a uniform medium with zero conductivity in the absence of free charge. The higher-order effects mentioned above will be considered in subsequent papers. The approach used here employs both a normal mode analysis and function theoretic methods [3, 4, 7] . Normal mode method is one of the best ways to determine numerical stability of a solution. The function theoretic method has demonstrated great utility in the analysis and characterization of solutions to a broad range of problems in mathematical physics (see [3, 4] , [6] - [8] , [11] - [15] , [20] ). This paper is the first application of these methods in this venue and leads to some new and interesting results.
Reciprocal integral transforms based on normal mode expansions are constructed that link analytic solutions of the PWE with associated analytic functions of two complex variables. Analytic continuation of these formulae allows characterization of solutions that are analytic in a half-space as well as the construction of a new class of function theoretic solutions with singularities. The singularities of these solutions demonstrate a novel and radical departure in behavior from the singularities of analytic solutions 70 PETER A. MCCOY AND REZA MALEK-MADANI of elliptic partial differential equations. Analytic solutions of elliptic partial differential equations exhibit a "pole-like" behavior in a neighborhood of a singularity, whereas a singularity of a solution to the PWE is manifested in terms of a sectionally analytic function that is adjoined to the solution as the singularity is included in the analytic continuation of the associate.
Background.
We begin our investigation of optical beam propagation with Maxwell's equations
which are known respectively as Coulomb's Law, Gauss's Law for magnetism, Faraday's Law, and Ampère's Law. The electric field is designated by
. The derivation of the paraxial wave equation starts with the reduction of Maxwell's system to the wave equation. We take the curl of Faraday's Law,
, and then Coulomb's Law to find that
Subsequent application of Ampère's Law yields the wave equation
A remark concerning the coordinates is in order. The optical axis and the z-axis are aligned. The origin is placed at the focal point where the beam's waist spot size is minimum. The reference plane z = 0 (xy-plane) passes through the focal point and is transverse to the optical axis.
Consider the phasor amplitude H of the component E z of − → E along the z-axis. The wave equation becomes time-independent under the change of variables
which leads to the Helmholtz equation
The wave number k = ω/c = 2π/λ, where λ is the wave length. It is generally known that the transverse variation in the amplitude is slow as compared to its variation in the z-direction. The rapidly varying component in the z-direction is separated out by removing the primary propagation factor by the transformation
where the function F represents the spatial modulation of the plane wave. This transformation orients the motion in the direction of increasing the z coordinate and yields the parsed Helmholtz equation
which is the precursor of the PWE. The reader should note that the above two transformations can be accomplished by a single change of variables. However, the physical motivation is concealed in the process. advancing along the z-axis in E 3 where θ is the colatitude, i.e., the wave is traveling at an angle θ relative to the optical axis. The wave is oriented in the z-direction by the above change of dependent variables from which we determine that the amplitude is
The paraxial approximation is introduced for small angles θ. The fact that the amplitude is a slowly varying function of the range is confirmed by the approximations
Scale analysis yields the estimate
which is valid to within an error of O(θ 2 /4) as θ → 0. For example, the maximum error in the approximation is at most 1.7% in a cone of opening π/12 radians about the optical axis.
Implementing this estimate gives the paraxial wave equation
where We are interested in the structure of higher-order Gaussian beams. The standard protocol (see [10] ) is to assume a solution of the form
and substitute it into the PWE, yielding
The solutions of this equation are assumed to have the form
After some manipulations, the following equation results:
Bearing in mind that the Hermite polynomials of order n, h n = h n (ξ), satisfy the differential equation d 2 h n /dξ 2 −2ξ dh n /dξ+2n h n (ξ) = 0, the equation separates into a system of three equations whose solutions are
Backtracking with these solutions generates the Hermite-Gauss normal modes 
in any transverse plane (z = z o ) for m, n, m , n = 0, 1, 2, 3, ... , where γ nm := σ n σ m and σ n = (2/π) 1/4 / (2 n n!). The orthogonality of the F nm is independent of the z-coordinate on account of the fact that energy is conserved during propagation. The superscript "*" designates the complex conjugation of "i" in the definition of F nm and not the variables (x, y, z), which will become independent complex variables later in the development. See [16, p. 646-647] . Completeness and decay of the normal modes are discussed in the next section.
3. The integral transforms. We construct solutions of the PWE that are both analytic in the half-space z > −z S and have amplitudes that decay uniformly to zero in the transverse direction as the wave advances along the optical axis. The analysis unlocks by means of dual integral transforms {T, T −1 } that link the analytic solutions F with analytic functions f of two complex variables. Properties of the kernels of the transforms allow us to infer these characteristics of F .
Consider the normal mode expansion of a solution
and the associated analytic function
The transforms linking these functions are defined in terms of the kernel
Concerning the properties of these kernels, let
n , where k is Charlier's constant, k = 1.0865..., for n = 0, 1, 2, 3, ..., to deduce that
This fact implies that the kernel K is analytic on compacta of the domain D K . Moreover, the fact that lim z→∞ {σ n |v n (x, z)|} = lim z→∞ {σ n |v n (y, z)|} = 0 for all 0 ≤ x, y < +∞ implies that the normal modes F nm (x, y, z) → 0 as z → ∞ in any transverse plane. This property confirms the observation that the normal modes "flatten out", and that the energy density of the component frequencies decreases as their distance from the focal point increases along the optical axis. We conclude that
Later on we will use this property of the kernel to establish that the profiles of the normal mode expansions of the solutions "flatten out" as well.
With this information in hand, we proceed to build the requisite transforms. It is easy to verify that
for 1 , 2 < 1, and
for n, m = 0, 1, 2, 3, ..., where 
We observe that because f and K are analytic on the respective domains D The resulting transforms,
represent function elements on their domains of association (see [6] ). Here, σ 1 The new class of solutions of the PWE is constructed by deforming the contours of the ascending operator to include associates
with singularities that are poles of order (p, q) of the form
p+1 . Here, the singularities nearest the origin in the C ξ × C η planes are at (ξ, η) = (α,β), where the Re(α) and Re(β) are positive and 1 < |α| ≤ |β|.
If the contour |ξ| = 1 is first deformed as σ 1,α to include ξ = α, we find that
Similarly, inclusion of the singularity in the C η -plane within the contour σ 2,β produces
Inclusion of both singularities then yields
Application of the inverse transform to the above expression establishes that the function h p (ξ, α) h q (η, β) is the associate on the domain of association. We have established the following result for a solution of the PWE whose associate is a rational function.
with poles {α 1 , ..., α N ; β 1 , ..., β M } located in the complement of the closed unit bidisk and in the right half planes of C ξ × C η . Then the corresponding function element whose domain of association includes all the poles is
and conversely.
The inclusion of a singularity in the domain of association of f results in a jump discontinuity in the function element F by the addition of a sectionally analytic residue element. This element is itself a solution of the PWE in the included component of the extended domain. The norm of the element may be interpreted as an energy differential in the function element F that appears as the appropriate contour crosses the singularity, and the transform of the corresponding residue element is added to F . In the absence of source terms in the PWE, the resulting energy differential may be interpreted as the energy radiated by the wave as the pole is crossed. This interpretation dictates limits on the locations and orders of the singularities as the sum total of the radiated energies is limited to that of the original pulse on the unit bidisk. Moreover, the structure of the T -operator only allows for the beam to radiate a finite number of times in this model.
It is easy to establish an estimate on this energy as the contour deformations pass through the poles at (ξ, η) := (α j , β k ). The radiated energy is expressed in terms of the square of the L
energy norm taken over the transverse plane. A lower bound is given by
which simplifies to
5. Special cases. We begin this section with a study of the analytic solutions in the right half space that are symmetric,
about the plane y = x for z > −z S . The series expansion of a symmetric solution and its associate assume particularly simple forms,
which allow for sharper results. The ascending and descending kernels are
The reader will note that F. G. Mehler's [1, p. 175, #12a] generating function
for the Hermite polynomials allows us to write the kernels in closed form as
where τ = τ (ξ, η, z) = ξη e −2iψ(z) and τ * = τ * (ξ, η, z) = ξη e 2iψ(z) . The complex C τ -plane is cut along Im(τ ) = 0 for Re(τ ) ≥ ±1 and the principal branch is selected.
The resulting integral transforms are
,
where τ α,β = τ (ξ α , η β , z). We take the initial domain of definition of the kernel as
Maintaining the same restrictions on the singularities of the associate f, we determine that the initial domain of F is E 3 + . The initial domain of f is simply
The real variables (x, y, z) are now allowed to become independent complex variables. The analytic continuation procedure is followed by deforming the contours in the complex plane and avoiding the endpinch singularities at τ = ±1 to arrive at the principal branches of the function elements
Theorem 4. The dual integral transforms {S, S −1 } join the unique function elements {F, f } on their domains of association.
Let us determine the jump in F as we deform the contours simultaneously across singularities that are symmetrically placed on the principal branches in the C ξ and C η planes at α 1,j = γ j e i(π/4−θ o,j ) and α 2,j = γ j e i(π/4+θ o,j ) for 0 < θ o,j < π/4 with 1 < γ 1 < γ 2 < ... < γ n . We are considering associates of the form
The S-transform yields
w(z) , and j = 1, ..., n, F j (x, y, z) = ( 1 α 1,j α 2,j ) The energy radiated by the introduction of the term 1/(ξ − α 1,j ) p j +1 (η − α 2,j ) p j +1 into the domain of association is at least ( 1 α 1,j α 2,j )
We complete this discussion by considering fields that are independent of the transverse variable y, that is, the two-dimensional case where the PWE has the form 
